Under some topological assumptions, I give a new estimation of the rank of flux groups and provide a method of constructions of symplectic aspherical manifolds.
Introduction
Let (M, ω) be a compact symplectic manifold and Symp(M, ω) denotes the group of symplectomorphisms of (M, ω). Define the flux homomorphism where ξ t a denotes the trace of a loop a under the isotopy {ξ t } representing ξ. By definition the flux group Γ ω is the image of the flux homomorphism.
In this paper, we investigate properties the flux groups. Lalonde, McDuff and Polterovich proved that the rank over Z of a flux group of (M, ω) is not greater than b 1 (M ) [LMP2, Theorem 2.D] . We extend this result as it is stated in Theorem A. The proofs of our results (except of the second assertion of Theorem A) are mainly based on the work of Gottlieb [Got] . Similarly, Lupton and Oprea used the Gottlieb theory to investigation of properties of circle actions on, so called, cohomologicaly symplectic manifolds [LO] .
Let's briefly look at the contents of the present work.
Theorem A. Let (M, ω) be a compact symplectic manifold satisfying one of the following conditions:
is the action of the fundamental group on homotopy groups.
n−1 ).
We prove this theorem using various methods. The case (1) follows from the properties of the Wang sequence associated to a relevant fibration (cf. [LMP2] ), whereas the cases (2) and (3) uses the Gottlieb theory. The proof of the statement about the rank of flux groups is a variant of the argument introduced by Lalonde, McDuff and Polterovich in [LMP2, Theorem 2D] .
The above theorem provides an immediate corollary for Lefschetz manifolds. Notice that the above theorem does not depend on the choice of symplectictic form. The reason is probably that in this case the groups of symplectomorphisms are 1-connected or even contractible.
The second section is devoted to construction of aspherical symplectic manifolds. We use construction of symplectic sums due to Gompf [Gom] (see also [MW] ) and give conditions under which the resulting manifold is aspherical. At the end, we apply this construction to give an example of an aspherical symplectic manifold with zero Chern numbers and trivial flux group.
The Proofs
Given an element ξ ∈ π 1 (Symp 0 (M, ω)) there is associated (up to isomorphism) a symplectic fibration over two sphere (M, ω) → P ξ → S 2 as follows [LMP2] .
where D 2 denotes unit disc and (x, e 2πit ) ∼ = (ξ t (x), e −2πit ). Fibrations over S 2 give raise to the following exact sequences called the Wang sequences:
. Here <, > denotes the usual pairing between homology and cohomology. Notice that with the above notation we have that the flux satisfies the following
The crucial property of Wang homomorphism ∂ * ξ is that it is a derivation [Sp] , i.e.
th Chern class of M with respect to any almost complex structure compatible with ω. Then
2 be the symplectic fibration corresponding to ξ and consider the subbundle V ert ⊂ T P ξ consisting of vectors tangent to the fibers. Since the fibration P ξ is symplectic then V ert is symplectic vector bundle which Chern classes restrict to the Chern classes of (M, ω):
Then it follows from the exactness of Wang sequence that ∂ *
Let C(M ) denotes the space of continuous maps from M to M with the open compact topology. We define an evaluation ev c :
Similarly ev s is the evaluation defined on Symp(M, ω). We will use the same notation for the maps induced on the fundamental groups. By ev s we denote a homomorphism from π 1 (Symp 0 (M, ω)) to H 1 (M ) = H 1 (M ; Z)/torsion which is composition of ev s with the obvious maps. n , for a nonzero λ ∈ R. According to the Lemma 2.1 we obtain that
Lemma 2.2 ([LMP1]) The following diagram is commutative up to positive constant
which finishes the first part.
(2) Now let M be aspherical and
. Denote by C 0 (M ) the identity component of C(M ). Let's consider the following diagram
where the vertical arrows are the evaluations. Gottlieb showed in [Go, Theorem III.2] that
so passing to the maps on the fundamental groups induced by the above diagram , we get that
)). Thus we have, due to Lemma 2.2, that F (ξ) ∪ [ω]
n−1 = 0, which finishes the second part. 
We have to show that the rank over Z of flux group Γ ω is not greater than dimension of ker ∪[ω n−1 ]. The proof is in the same vein as the proof of Theorem 2.D in [LMP2] .
Let ω ǫ denotes a rational symplectic form which is a small perturbation of 
Symplectic aspherical surgery
The asphericity of manifolds is a common assumption it the present paper, so that we shall give a method of construction of aspherical symplectic manifolds. In fact, the construction is due to Gompf [Gom, MW] and we only give conditions which ensure the asphericity of the resulting manifold.
Let (M 1 , ω 1 ), (M 2 , ω 2 ) and (S, ω) be symplectic manifolds, where S is closed and dimM 1 = dimM 2 = dimS − 2. Let f i : S → M i be symplectic embeddings with normal bundles N i , i = 1, 2. Suppose that c 1 (N 1 ) = −c 1 (N 2 ). Then let M 1 ♯ S M 2 denotes the Gompf symplectic sum of (M 1 , ω 1 ) and (M 2 , ω 2 ) [Gom] . 
the embeddings
Proof. The idea of the proof is to show that the universal covering of M 1 ♯ S M 2 is homotopy equivalent to a tree. Notice that this fact is also proved in [Br, proof of Theorem 7.3] by showing that the higher homotopy groups vanish.
It follows from the second assumption and van Kampen's theorem that the fundamental group Γ of M 1 ♯ S M 2 is the following amalgamated product Γ 1 * Γ0 Γ 2 , where Γ 0 = π 1 (N 0 ) and N 0 is N 1 without a the zero section. Thus there exists a tree T on which Γ acts freely and the fundamental domain of this action is the edge of T called the graph of groups [Se, Theorem 7] . It follows from the construction of T that there exists a map h from the universal covering of M 1 ♯ S M 2 to that tree such that preimage of an egdge is homotopy equivalent tõ N 0 and preimage of a vertex is M i − f i (S) for i = 1 or 2. Here the tilde denotes universal covering. Since these preimages are contractible, due to asphericity, then h is a homotopy equivalence which ensures the contractibility of
The first part of Theorem A may suggest that the flux groups are nontrivial if the Chern numbers are zero. In the following example we construct an aspherical symplectic manifold with zero Chern numbers and trivial flux group.
Example. Let M 1 = T 2 ψ be the mapping torus, where ψ : T 2 → T 2 is defined by the following matrix 2 1 1 1 .
In other words, M 1 = R 2 × T 2 / ∼, where (a + 1, b, x, y) ∼ (a, b, x, y) and (a, b + 1, x, y) ∼ (a, b, 2x + y, x + y). We endow M 1 with the invariant symplectic structure ω 1 coming from the standard symplectic structure on R 4 . This ensures that Chern classes of (M 1 , ω 1 ) are zero. Moreover, M 1 is also the total space of symplectic T 2 −bundle over T 2 , which means that we can symplectically embed a torus as the fibre. Let M 2 = (T 2 ϕ , ω 2 ) be another mapping torus with T 2 embedded as a section or a fibre (in both cases its normal bundle is trivial). Now we perform a symplectic normal connected sum
Let's now compute fundamental groups that we need.
where ψ : Z * Z → AU T (Z 2 ) is defined by ψ(a) = Id and ψ(b) = 2 1 1 1 , where a, b are the generators and N denotes the normal bundle of the fibre. It is easy to see that the center of the above group is trivial. The boundary of the normal bundle to the fibre is three dimensional torus and its inclusion to M 1 − N induces the following monomorphism of the fundamental groups.
(k, l, m) → (aba
According to computations of Chern numbers of symplectic sum in [MW] , we get that the Chern numbers of M 1 ♯ T 2 M 2 are zero because Chern classes of (M 1 , ω 1 ) and (M 2 , ω 2 ) are zero and Euler characteristic of T 2 is zero as well. Since the center of an amalgamated G * K H product is equal to i −1 (Z(G)) ∩ j −1 (Z(H)), where i : K → G, j : K → H are inclusions, then we obtain that π 1 (M 1 ♯ T 2 M 2 ) has trivial center. Due to Theorem B, the flux group of M 1 ♯ T 2 M 2 is trivial.
Note that the above example is universal in the sense that a symplectic manifold which is a result of the Gompf sum with the manifold M 1 has always trivial center, thus in the aspherical case its flux is always trivial.
